We present uniformly available simple enumerative formulae for unrooted planar n-edge maps (counted up to orientation-preserving isomorphism) of numerous classes including arbitrary, loopless, non-separable, eulerian maps and plane trees. All the formulae conform to a certain pattern with respect to the terms of the sum over t | n, t < n. Namely, these terms, which correspond to non-trivial automorphisms of the maps, prove to be of the form φ n t α r t k t t , where φ(m) is the Euler function, k and r are integer constants and α is a constant or takes only two rational values. On the contrary, the main, "rooted" summand corresponding to t = n contains an additional factor which is a rational function of n. Two simple new enumerative results are deduced for bicolored eulerian maps. A collateral aim is to briefly survey recent and old results of unrooted planar map enumeration.
Introduction
We discover and discuss an unexpected pattern of the formulae for counting non-isomorphic unrooted planar maps derived previously in [10, 12, 15, 16, 17, 18] : the cancellation of a rational factor in the summands over the divisors t | n, t < n. Formerly we have not considered these formulae in such an explicit form (rather, we expressed them reductively, that is, in terms of the number of the corresponding rooted maps), nor did we compare them with each other. Two most striking instances of such behaviour have appeared only recently [17, 18] . The same pattern is also valid for several enumerative formulae derived by other researchers, see [3, 6] . More than ten results confirming it are considered. Almost all the results are based on the general method of the enumeration of unrooted planar maps developed in [10, 12] , and two simple new results are deduced in the present paper.
In this article, a map means a planar map: a proper embedding of a finite connected planar graph (generally with loops and multiple edges) in the (oriented) sphere. A map is called rooted if an edge-end (a vertex-edge incidence pair), called its root, is distinguished in it. The corresponding edge and vertex are said to be rooted. Unlike maps without a distinguished edge-end (called unrooted ), rooted maps have only the trivial automorphism.
Formulation
So far, in counting unrooted maps up to orientation-preserving isomorphism we considered mainly classes of planar maps M for which the corresponding numbers of rooted n-edge maps M (n) are expressed by simple sum-free formulae. In almost all the cases, the latter can be represented in the form
where k and r are some positive integers and p(n) and q(n) are some polynomials with integer coefficients. Our formulae for the number of unrooted maps M + (n) of the same classes follow a certain pattern. In particular, they contain one summation over the divisors of n, which correspond to non-trivial automorphisms of the maps. Moreover, as we will see below (and what is the subject of the present consideration), all these sums can be represented uniformly as follows:
where φ(m) is the Euler totient function, r and k are the same as in (1) and α is a constant or α = α(t) is a simple bounded "rational-factor-free" function of t. In other words, in the summands (with t = n), the rational factor q(t) p(t) disappears completely. In all cases under consideration, α proves to be a constant or, in three related cases, it takes only two rational values. Sometimes we consider the pattern (2) with respect to maps having mn edges, where m is a constant different from 1.
The formulae usually contain one or several additional summands depending on the parity of n; their presence does not change the pattern.
An interpretation
The enumerative formulae for the majority of classes M of unrooted maps considered below have been known to be inexplicably much simpler than we could expect in the framework of the enumerative method used to obtain these formulae [10, 12] : the intermediate sums of the terms corresponding to the classes of quotient maps with respect to rotational automorphisms of order n/t, t | n, t < n, arising from this method disappear ultimately as if these quotient maps formed the same, or almost the same, sets M(t). In general, this is not the case: for instance, quotient maps of non-separable maps are not necessarily non-separable, and quotient maps of loopless maps may contain loops. The pattern discussed in the present note, possibly unimportant by itself, manifests a supplementary unexpected regularity: the average number of admissible choices of the rotation axes in the t-edge quotient maps so as to lift them back into M(n) (the key step of the enumerative method) coincides with (or is proportional to) the inverse fraction p(t) q(t) . This coincidence is unexplained even for the simple class A(n) of arbitrary maps (see Sect. 2.5), where for t < n/2, the quotient maps are also arbitrary t-edge maps (rotations of order 2 bring slight complications; they contribute only to one term, which is immaterial in the context of the present paper). What is the nature of this phenomenon, or is it not merely an artefact? This question remains open; hardly an explanation can be obtained in the framework of the considered enumerative method of quotient maps. We will discuss briefly possible generalizations and limitations of the patterns (1) and (2) in the last section.
Counting unrooted maps
Additional definitions and details concerning the results stated below and their proofs can be found in the corresponding references.
Loopless maps L
According to [30] , for rooted loopless maps,
Just the inverse fraction p(t) q(t) = (t + 1)(3t + 1)(3t + 2) 2(4t + 1) multiplied by L (t) for t < n appears in the main formula [18, Th.1] , which results in the following expression for the number of unrooted loopless maps:
Thus, we have the pattern (2) with k = 4 and α = r = 1. This is the instance with the most non-trivial polynomials p(n) and q(n) (of degrees 3 and 1 respectively).
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Non-separable maps B
In another terminology, these are 2-connected maps. For these maps by [26] ,
Thus, p(n) = 3(3n − 2)(3n − 1). Now, the sum in the main formula of [15] for the number of unrooted non-separable maps B + (n) contains terms with the factor
It is just p(t) up to multiplicative constant; therefore this result can be represented in the following form:
t<n, t|n
if n is odd
Thus, the summands here are of the form (2) with k = 3, r = 1 and α = 2/3.
Eulerian maps E
These are maps with all vertices of even valency. By [26] and [20] (see also [28] ),
According to [17] ,
Thus, the denominator (t + 1)(t + 2) has disappeared, and we recognize (taking into account both sums over t) the pattern (2) with k = r = 2, α = 3/4 for odd n and
3/4 otherwise for even n.
We note that, by duality, E + (n) is also the number of bipartite maps.
Unicursal maps U
These are maps with exactly two odd-valent vertices. By [17] ,
and
Thus, with no cancellation (in this degenerate case, t = n is not an exception), this formula meets the pattern (2) with k = r = 2 and α = 1/4 if n/t is odd and α = 0 otherwise.
Arbitrary maps A
According to [26] ,
By Euler's formula, a map with t edges has t + 2 vertices and faces altogether. Thus we can choose two axial cells among them in
ways. This is just the denominator in the right-hand side of formula (12) for A (t). Therefore this fraction disappears in the t-summands of the formula for the number of unrooted maps A + (n) [10, 11, 12] :
Thus, we get the pattern (2) with k = 2, r = 3 and α = 1.
Plane trees T
It is well known (one of diverse interpretations of the Catalan numbers) that
Now, for unrooted plane trees by [27] (cf. also [12] ),
Thus, the terms are of the form (2) with k = 2 and α = r = 1.
Formulae (14) and (15) have numerous generalizations. Consider one of them 1 , counting plane m-gonal cacti (or Husimi trees), m ≥ 2. If an m-gonal cactus consists of n m-gons, then it contains N = m n edges and v = (m − 1)n + 1 vertices; however for m = 2 we replace all 2-gons (that is, pairs of parallel edges) by single edges and obtain an ordinary plane tree with N = n edges. Now for the number T m (n) of rooted plane m-gonal cacti with n m-gons we have, according to [3] ,
For unrooted m-gonal cacti, formula (88) [3] can be represented as follows:
where (m, n − 1) denotes the greatest common divisor. For a fixed m, the last sum is inessential in our context, and we see the behaviour of the form (2) (the first sum) with k = m and α = r = 1. Formula (14 ) conforms to (1) as well. This time, however, both patterns are considered with respect to the number of polygonal blocks n, which differs (for m > 2) from the number of edges N. Formulae (14 ) and (15 ) for m = 3 also counts so-called 2-trees (resp., rooted and unrooted) with n triangles [5] . . We note that m-constellations for m = 2 in fact coincide with bipartite maps in which the vertices are properly bicolored. More exactly, any 2-constellation becomes a bipartite map after transforming every black digon into an edge, and vice versa. The point is that the planar bipartite maps are just the maps with faces of even sizes, and like are the white faces of 2-constellations. These arguments explain why formula (16) 
Constellations
enumerates unrooted vertex-bicolored bipartite maps which are self-dual with respect to reversing the colors. Indeed, the vertices of a bipartite map can be colored properly with black and white in two different ways unless it is self-dual in this sense, in which case only one coloring arises up to isomorphism. Equivalently (by vertex-face duality), this is the number of n-edge face-bicolored eulerian maps self-dual with respect to reversing the colors. By comparing formulae (9) and (17) we conclude from (18) that E + (n) is twice the second term of the right-hand side expression in (9) depending on the parity of n. Slightly transforming it we obtain the following.
Proposition 1.
Here are the numerical values of E + (n) for n = Now restrict ourselves to even n. Replacing n with 2n, the second row of the equality (19) can be represented as follows:
Hence formula (20) conforms to the pattern (2) with k = r = 2 and α =
φ(2n/t) 4φ(n/t)
. Now, φ(2k) = φ(k) if k is odd and φ(2k) = 2φ(k) otherwise. Therefore we see that 
1/4 if n/t is odd 1/2 if n/t is even .
It is interesting to note that unlike other instances of (2), the first term of (20) is not the number of the corresponding rooted maps (with or without bicoloring faces), as the case-by-case analysis of n = 2 shows ( E + (4) = 4). It would be interesting to find an appropriate combinatorial interpretation of this term.
The enumeration of unrooted m-constellations with uncolored vertices is an open problem for m > 2.
Constellations with a single white face are known as m-ary (colored) cacti. They have been counted in [3] ; the formulae obtained here for rooted and unrooted cacti are again of the form (1) and (2) respectively.
Bi-eulerian maps E 2
Bi-eulerian maps are maps with both vertices and faces of even valency (size). According to [17] , the number of rooted bi-eulerian maps with 2n edges is
(E 2 (n) = 0 for odd n). It follows that
(formula (16)). Moreover, a similar identity holds for unrooted maps of the same types; thus in view of (17) we obtain one more instance of the pattern (2) . By duality, any bi-eulerian map admits proper bicolorings both of vertices and faces. There are 4E 2 (2n) rooted bi-eulerian doubly bicolored maps with 2n edges. Let E (+) 2 (2n) denote the number of such unrooted bi-eulerian bicolored maps considered up to color-preserving isomorphism.
Proposition 2. E
Proof. Any non-trivial color-preserving automorphism of a bi-eulerian doubly bicolored map with 2n edges should be of order | n (so that 2n/ is even). It is clear that the corresponding quotient map is again a bicolored bi-eulerian map; moreover, the rotation axis cannot intersect any edges. Conversely, any bi-eulerian bicolored map with 2t = 2n/ edges is lifted to a bi-eulerian bicolored map with 2n edges with respect to any choice of two axial cells from the vertices and faces. By Euler's formula, there are 2t+2 2 possibilities to choose the axial cells. Now applying the general enumerative theorem of [10, 12] we obtain immediately
Substituting the expression of E 2 (2n) by (21) into (24) and comparing the result with formula (17) for m = 3 we obtain, in view of (22), the desired identity (23).
For a possible bijective proof see [23] . The enumeration of unrooted bi-eulerian maps up to all isomorphisms including colorreversing ones is an open problem.
Regular 2m-valent maps A 2m
Now we touch briefly the case of regular even-valent maps, i.e. maps with all vertices of valency d = 2m. Such maps with n vertices contain N = mn edges. According to Tutte [25] in the rooted case,
Again, like (14 ) and (16), it is of the form (1) for any m but only with respect to another parameter n, in this case, the number of vertices. A 2 (n) = A (n). We note also that A + 4 (n) = A + (n)/2 for odd n. In [12] we deduced a formula for A + 2m (n), which is more complicated than (13). In particular it contains a number of summands depending on divisors of 2m. Only one sum in it is over all divisors t of n. It corresponds to rotations about axes through the center-points of two faces. Such rotations generate regular quotient maps with mt edges and, thus, with (m − 1)t + 2 faces. Therefore we can choose two axial faces for liftings in
ways. Comparing this factor with the denominator in (25) for n = t we see that they cancel each other. This means that the formula for A + 2m (n) [12] does follow the pattern (2).
Discussion

Rescaling
The Catalan-like form (1) when it is applicable for representing the number M (n) looks natural by itself. It has different advantages, for instance, for establishing direct bijective proofs. Such a bijective proof of a formula often makes it possible to reveal another combinatorial interpretation of the rational factor in (1), see, e.g., [8, 21, 22] .
However, of course, (1) is not a unique compact and convenient sum-free form: up to alteration of the polynomial factor and divisor in it we could express the right-hand side expression, e.g., in terms of
, and so on. But with respect to such shifted or modified parameters, a superfluous polynomial factor or/and divisor would appear in the summands in (2) . Just the absence of a rational factor in formula (2) distinguishes the electronic journal of combinatorics 11 (2004), #R88 expression (1) (one and the same in all the cases, with its "integer-fold" binomial k n n !) among other equivalent representations.
Our method [10, 12] for counting unrooted planar maps easily explains a distinction between the term corresponding to t = n and the other terms: unlike the former, which corresponds to the trivial automorphism, the latter contain a factor expressing possible choices of rotational axes (pairs of axial elements) admissible for lifting. But these reasons do not explain the particular phenomenon discussed above and a special preferable role of the form (1).
Limitations
It would be interesting to find new samples of the pattern. However, we cannot expect a lot of them, at least with respect to the number of edges. The point is that the pattern (2) depends heavily on the rooted pattern (1), but only few classes of maps are known to satisfy the latter. Moreover, there are several constraints imposed naturally on the eligibility of formula (1) with respect to the number of edges. First of all, functions in its right-hand side are restricted to those that give rise to an integer for all admissible n (see below). Besides, typically the degree of the denominator p(n) must exceed that of the numerator q(n) by 2 in order to ensure the "standard" critical exponent −5/2 in the asymptotics M (n) ∼ γ n −5/2 β n as n → ∞ (this exponent is to be modified appropriately for maps having special faces or vertices; such are, e. g., unicursal maps and outerplanar maps including trees). Now, in this asymptotic formula for A (Sect. 2.5), β = 12 by (12) and Stirling's formula. This implies that for any subclass of maps M ⊆ A, the integers r and k in (1) must satisfy the inequality rk k /(k − 1) k−1 ≤ 12, whence k ≤ 4, r ≤ 3 for k = 2 and r = 1 for k = 3, 4. Of course, these upper bounds are not valid for wider classes of maps such as colored maps.
Promising classes of maps
There are several classes of maps which confirm the pattern (1) and which we consider to be most interesting for study with respect to the pattern (2) .
The first class to be mentioned is the class B 3 of non-separable trivalent maps with N = 3n edges. By [19] ,
Finding B + 3 (3n) still remains an open problem [16] . We return to L (n) (formula (3)). It is well-known that L (n) is also equal to the number of rooted 3-connected planar triangulations with 3n+3 edges [24] . Unfortunately, such an equality does not hold for unrooted maps, and no enumerative results of the same nature as are considered in the present paper have been obtained until now for unrooted 3-connected (polyhedral) maps, see [16] . Likewise, E (n) (formula (8) ) is also equal to the number of rooted bipartite trivalent (bicubic) maps with 3n edges [26] . Enumeratively, rooted bicubic maps proved to be related to diverse types of combinatorial objects, cf. [1, 7] . A simple bijection between rooted bicubic and rooted eulerian maps was established in [20] . However, no formula is known for counting bicubic maps as unrooted ones. They are not equinumerous to unrooted eulerian maps. For example, there are two eulerian maps with 2 edges: a double loop (admits two rootings) and a digon (one rooting), but only one bicubic planar map with 6 edges: a quadrangle in which two opposite edges are doubled (three rootings).
As a counter-example let us consider the class of all trivalent maps A 3 . Such maps may contain multiple edges and loops. There is a sum-free formula for the number of rooted trivalent maps with 3n edges obtained by Mullin [20] :
However it can be represented in the appropriate binomial form only for even n = 2s : A 3 (6s) = 2 6s (2s+1)(s+1) 3s s . A formula for unrooted trivalent maps was obtained in [16] . It resembles that for A + 2m (n) (see Sect. 2.9) and contains a sum over divisors of n including the odd ones. Therefore neither the whole formula nor its restriction to even n conforms to (2) (this does not prove, however, that a (2)-like formula is impossible at all).
Can the pattern (2) be generalized fruitfully to maps with less elementary rooted enumerators? In particular, the following classes of maps could be analyzed in this respect: maps with two faces [4] and maps specified by the number of edges and vertices [29] . It would be interesting to consider some multiparametric classes of maps for which the rooted enumerators are known and are sum-free such as maps of several types with a given vertex valency distribution: eulerian, cacti and other.
Polynomial divisors of k n n
As a matter of fact, the binomial coefficients By now I know only one family of maps for which the rooted enumerators are of the form (1) with the denominators of arbitrary degrees. Namely, the formula from [17] for the number U (2d 1 + 1, 2d 2 + 1; n) of rooted unicursal maps with n edges and two vertices of the odd valencies 2d 1 + 1 and 2d 2 + 1 can be rewritten in the following form:
